Abstract. This paper presents the fluid structure of the third passive vibration isolation element inerter. The fluid inerter ideally has the same characteristic that the force applying to the two terminals is proportional to the relative acceleration as the ball-screw inerter and rack-and-pinion inerter. An optimized nonlinear model of the fluid inerter is introduced, and the effect of nonlinearities compromising friction, oil density and viscosity of the fluid are discussed and analyzed. Simulations show that the friction has a great effect on the dynamic performance of fluid inerter in low frequency and the influence of the viscosity is not negligible. The damping force and the inertia force will become larger with the increase of the frequency and the inertia force will become more and more apparent in higher frequency. Furthermore, experiments are carried out to test the effectiveness of the fluid inerter. Results show that the optimized nonlinear model of the fluid inerter is deemed effective.
Introduction
As a new mechanical circuit element, inerter was firstly proposed in [1] and defined as a two-terminal element just like the spring and damper. It was called the missing circuit element in [2] because the force applying to the device is proportional to the relative acceleration of the two terminals. Then, the mass element is replaced by the inerter in the 'force-current' analogy so that the passive network impedance can be realized by the combination of inerter, spring and damper [3, 4] . Also, the traditional mechanical spring-damper network performance can be improved by the inclusion of the inerter. In [5, 6] , the DVA theory is used in vibration reduction of car body and structure vibration control based on the mass-spring-damper circuit. In [7] , a novel structure called the tuned mass-damper-inerter (TMDI) was proposed based on the new mechanical circuits compromising inerter, spring and damper. Conclusions showed that the incorporation of the inerter in the proposed TMDI configuration can either replace part of the TMD vibrating mass to achieve lightweight passive vibration control solutions, or improve the performance of the classical TMD for a given TMD mass. Furthermore, the influence of inerter on the natural frequencies of vibration systems was investigated in [8] to demonstrate that the inerter can reduce the natural frequencies of the vibration system.
Inerter has a superior vibration isolation performance and has been widely used in vehicle suspension [9] [10] [11] [12] , train suspension [13, 14] , building suspension [15] and the steering compensation for high-performance motorcycles [16] .
The earliest types of inerter are the rack-and-pinion inerter and ball-screw inerter introduced in [17, 18] . Experiments were also carried out to verify the effectiveness of the mechanical inerter. Then, the impact of inerter nonlinearities on vehicle suspension control was analyzed in [19, 20] to demonstrate that the suspension performance is in generally degraded by inerter nonlinearities but it is still better than the traditional suspensions. In 2011, a new type of hydraulic inerter was proposed in [21] . There is a similarity that the inertia effects are all achieved by means of driving the flywheel with a motion conversion mechanism among the ball-screw inerter, rack-and-pinion inerter and the hydraulic inerter, which may limit the use of it. In [22] , a new fluid inerter was invented and can be readily adapted to implement various passive network layouts in [23] . Besides, variable orifices and valves can be included to provide series or parallel damping and a look-up table was established during the study of the damping force. However, the nonlinear model of the fluid inerter was not introduced and the impact of the nonlinearities was not analyzed.
The objective of this paper is to study the optimized nonlinear model and the dynamic performance of the fluid inerter. There are some factors seem to be neglected such as the shear friction between the piston and the cylinder and the secondary flow in order to gain an analytical expressed model of fluid inerter. The organization of this paper is arranged as follows:
In Section 2, the structure design and working principle of a fluid inerter is introduced. In Section 3, the definition of the inertance is given, and the optimized nonlinear model of the fluid inerter involving friction, damping force and inertia force is built. The influence on the fluid inerter of the nonlinearities is analyzed and the three types of force are discussed in Section 4. A prototype fluid inerter is designed and tested in the bench in Section 5, which is to verify the effectiveness of the fluid inerter. Main conclusions and findings are drawn in Section 6.
Structure design and working principle of a fluid inerter
The inertia effect of the fluid inerter is provided by the fluid flowing in the helical long channel. It is similar with the rack-and-pinion inerter or the ball-screw inerter, in that the fluid flowing in the helical channel can be taken as the 'fluid flywheel' to enlarge the inertia force. According to different positions of the helical channel, inside or outside the cylinder, there are two types of the fluid inerter. The fluid inerter with the helical channel outside the cylinder is designed in this paper to study its dynamic performance. The prototype of the fluid inerter is shown in Fig. 1 .
In Fig. 1, 1 and 7 are the ear hangings that connected to the two sides of the force, 2 is the working room, 3 is the piston rod, 4 is the piston, 5 is the hydraulic cylinder, 6 is the helical channel.
The hydraulic cylinder and the piston rod are the two terminals of the fluid inerter. When the two ear hangings move together by a pair of force , the piston rod and the piston will push the fluid in the left of the hydraulic cylinder into the helical channel. Then the fluid flows through the helical channel into the right hydraulic cylinder in order to compensate the pressure loss. The above is the working principle of the fluid inerter. 
Definition of the inertance
The fluid in the cylinder and the helical channel is taken as non-compressible. The effective area of the hydraulic cylinder is:
where is the radius of the piston rod, is the inside radius of the hydraulic cylinder. The section area of the helical channel is:
where is the radius of the helical channel. The length of the helical channel can be approximated as:
where is the circle number of the helical channel, ℎ is the pitch of the helical channel, is the helix radius of the helical channel, is the length from the inlet and outlet to the helical channel.
The mass of the fluid in the helical channel is:
where is the oil density.
If the movement of the piston is , according to the volume conservation principle, the angular displacement meets the relation as:
and hence:
The inertia around the central axis of the fluid in the helical channel is:
According to the law of conservation of the energy:
So, the inertance can be gotten by the following equation:
It can be inferred that the inertance of the fluid is determined by the mass of the fluid in the helical channel, the effective area of the hydraulic cylinder, the section area of the helical channel, the pitch and the helix radius of the helical channel.
Optimized modeling of fluid inerter
The performance of the fluid inerter may be affected by the friction between the piston and the hydraulic cylinder, the viscous damping force of the fluid and the pressure loss produced by the fluid flow inside the helical channel and the inlet and outlet of the helical channel. In [23] , the shear friction between the piston and the cylinder seems to be neglected. Since the effective travel of the fluid inerter is not very large, and the main flow in the helical channel is too much stronger than the secondary flow in the vertical direction. In this study, the secondary flow in the helical channel is not taken into consideration.
Firstly, the fluid flow is assumed laminar, in that case, the Reynolds Number is met:
where is the viscosity of the fluid, is the velocity of the fluid in the helical channel. According to the Hagen Poiseuille Law, the flow of the fluid in the helical channel and the pressure drop between the two terminals ∆ have the relation as:
So the average flow velocity of fluid in the helical channel is:
A fluid flow entering a new channel will experience an energy loss at the inlet and outlet of the hydraulic cylinder. The empirical formula for the resulting pressure drop is given in [24] . The pressure drop across the inlet and outlet is thus estimated to be:
The total force on the piston is:
where is the friction between the piston and the hydraulic cylinder. According to the volume conservation law:
So, the total force of the inerter can be gained as:
The total force of the fluid inerter involves the inertia force, damping force and the friction. The fluid inerter has a nonlinear dynamic model especially the damping force which has the relation to not only with the velocity but also with the square of the velocity of the piston.
The friction model is:
where is the amplitude of the friction, is the velocity of the piston, sgn( ) is a symbolic function, it is 1 when > 0 and -1 when < 0. The direction of friction between the piston and hydraulic cylinder is related to the velocity of the piston and has the constant value. The dynamic model of the fluid inerter can be shown in Fig. 2 . During the optimized modeling of the fluid inerter, the target function is set as the difference between the mean value of force amplitude under the sinuous displacement input of simulation and experiment. It is noted that there are some constraints that both of the inertance and the damping coefficient are related to the structure parameters, which should meet the relationships shown in Eq. (17) . We can also see that, in low frequency, the velocity and the acceleration of the piston rod is very small so that the damping force and the inertia force can be ignored. The total force of the inerter can be seen as the amplitude of the friction. In Fig. 2 ., the inertia force and damping force are all variable because the variety of the oil density and viscosity of the fluid are decided by the temperature. But in this paper, the effects of the variable of the oil density and viscosity are neglected in the study.
Nonlinear factors' effect on the fluid inerter
In this section, the effect of the friction, oil density and viscosity of the fluid will be discussed based on the simulation. The main parameters of the dynamic model of the fluid inerter are shown in Table 1 . 
Effect of the friction
In order to investigate the effect of the friction on the performance of fluid inerter, the amplitude of the sinusoidal displacement input is set as 20 mm, the oil density is 800 kg·m -3 , the viscosity of the fluid is 0.027 Pa·s, the friction is set as 100 N, 500 N, 1000 N and the excitation frequency is set as 0.1 Hz, 1 Hz and 5 Hz. Figs. 3-5 show the effect of the different friction under different frequency.
In Fig. 3 , the force of the fluid inerter under 0.1 Hz is approximately a square wave just like the theoretical model of . The amplitude of the total force is very close to the amplitude of because the inertia force and damping force are very small in 0.1 Hz and can be ignored. Fig. 4 . shows that the friction also has a large effect on the total force of the fluid, but the effect is smaller than that in 0.1 Hz. In Fig. 5 , the friction has a small effect on the total force in 5 Hz because the damping force and inertia force become much larger than the friction with the increase of the input frequency.
From the analysis above, it can be concluded that the friction just has a large effect in low frequency and the effect will become smaller and smaller with the increase of the frequency. 
Effect of oil density
In order to investigate the effect of the oil density on the performance of fluid inerter, the amplitude of the sinusoidal displacement input is set as 20 mm, the viscosity of the fluid is 0.027 Pa·s, the friction is set as 300 N, the oil density is set as 750 kg·m -3 , 800 kg·m -3 and 850 kg·m -3 and the excitation frequency is set as 0.1 Hz, 1 Hz and 5 Hz.
Figs. 6-8 show the effect of the different oil density under different frequency. It can be seen that there is not obvious difference in the force of the fluid inerter under 0.1 Hz and 1 Hz. Under 5 Hz, the difference is larger compared with that under 0.1 Hz and 1 Hz, because the change of the inertia force is more apparent in high frequency. The oil density is usually decreased with the increase of the temperature of the fluid. In actual, the variable range of the oil density decided by the temperature is far smaller than the simulation range. So, it can be concluded that the oil density's effect on dynamic performance of the fluid inerter is very small and can be ignored. 
Effect of viscosity
In order to investigate the effect of the viscosity on the performance of fluid inerter, the amplitude of the sinusoidal displacement input is set as 20 mm, the friction is set as 300 N, the oil density is set as 800 kg·m From Figs. 9-11, it can be seen that the total force of fluid inerter is greatly affected by the viscosity of the fluid under different frequencies. In 0.1 Hz and 1 Hz, the damping force has a significant effect. But in 5 Hz, the effect is not apparent compared with that in 0.1 Hz and 1 Hz, which may be because the inertia force is more effective than the damping force in higher frequency. Conclusions can be gained that the viscosity's effect on dynamic performance of the fluid inerter is relatively large compared with oil density and is not negligible. 
Analysis of the three types of force
From the analysis above, it can be seen that there are three types of force in the fluid inerter compromising inertia force, damping force and friction. Fig. 12 shows the amplitude of different types of force with the increase of frequency. The amplitude of the sinusoidal displacement input is set as 10 mm, the friction is 300 N, the viscosity is 0.027 Pa·s and the oil density is 800 kg·m The red line represents for the friction force, it is a constant value. The blue line represents for the damping force and the black line represents for the inertia force. Both of the damping force and the inertia force are becoming larger and larger with the increase of the frequency, because the velocity and the acceleration of the two terminals are all increasing at the same time.
Through the enlarge map, it can be seen that there are three intersections of the three lines. The intersection of the damping force and the friction force is at 1.56 Hz, which means that the damping force is equal to the friction force at 1.56 Hz. Because they have the same direction, there is no special meaning in the intersection.
The intersection of the inertia force and the friction force is at 1.66 Hz, which represents that the inertia force is equal to the friction. The inertia force will be larger than the friction force when the frequency is larger than 1.66 Hz. But the damping force is also larger than the inertia force so that the inertia effect is not obvious.
The intersection of the inertia force and damping force is at 1.76 Hz, which represents that the inertia force is equal to the damping force. The inertia force will be larger than the damping force when the frequency is larger than 1.76 Hz.
It can be inferred that the inertia force and the damping force are relatively small compared with the friction force in low frequency and the damping force is larger than the inertia force. So, the dynamic performance of the fluid inerter is of great damping effect and small inertia effect. With the increase of the frequency, the inertia force is increasing more rapidly than the damping force. When the friction force and the damping force are small enough compared to the inertia force, the dynamic performance of the fluid inerter is of great inertia effect.
To sum up, the friction between the piston and the hydraulic cylinder has a great effect only in low frequency, and the effect becomes smaller with the increase of the frequency because the inertia force and damping force becomes large enough. The damping force is affected mostly by the viscosity and cannot be neglected because the damping force will become larger with the increase of the viscosity. For the inertia force, the variable is relative small changed by the oil density and can be ignored. However, the damping force and the inertia force will become larger with the increase of the frequency, and the speed of inertia force is faster than the damping force. Therefore, the inertia force will become more and more apparent in higher frequency.
Experiment
The dynamic performance test of the fluid inerter is carried out in the INSTRON 8800 bench and the force signals can be collected by the sensor at the excited head. The bench test is shown in Fig. 13 .
In low frequency, the inertia force and the damping force are very small so that the total force can be seen as friction force. The displacement input is set as a triangle wave and the amplitude is 10 mm. Fig. 15 shows the comparison and difference of simulation and experiment. It can be seen that in low frequency, the simulation result is very close to the experiment. But in high frequency, the experiment result is smaller than the simulation results. With the increase of frequency, the experiment force is smaller than the simulation force and the difference becomes larger and larger in high frequency. That may be because the temperature of the fluid has been increased for the vibration of the system and the fluid flow is not laminar when is more than 2300. Figs. 16-18 show the time-domain force of the fluid inerter under 0.1 Hz, 0.5 Hz and 12 Hz. It can be concluded that, the experiment results coincide with the simulation quite well, which demonstrates the effectiveness of the dynamic model of the fluid inerter. Yujie Shen designed the fluid inerter and carried out the experiments, wrote this paper. Long Chen instructed the structure design of the fluid inerter. Yanling Liu collected and analyzed the experiments data. Xiaoliang Zhang assisted to design the fluid inerter. Xiaofeng Yang assisted to carry out the experiments.
Conclusions
The fluid inerter introduced in this paper seems to be more suitable to the vibration system. In order to investigate the dynamic performance of the fluid inerter, an optimized nonlinear model including the friction, damping force and the inertia force is built. The effect on the force of the nonlinearities compromising friction, oil density and viscosity has been analyzed. The friction has a great effect in low frequency, because the damping force and inertia force is not large enough. The oil density has little effect and can be neglected. The viscosity of the fluid is a very big factor which can affect the damping force mostly. The damping force and the inertia force will become larger and larger with the increase of the frequency and the speed of the inertia force is more rapid than the damping force. At last, a prototype fluid inerter is designed and experimentally tested. Results show that the experiment result is very close to the simulation in the low frequency, but there is much more difference in high frequency, which may be on account of the variable of the temperature and the change of the fluid state.
